Abstract. The aim of this note is to offer a new explicit expression of the Contou-Carrère symbol that depends only on a product of a finite number of terms. As an application, we obtain an explicit formula for a Witt Residue.
Introduction
In 1994 C. Contou-Carrère [4] defined a natural transformation greatly generalizing the tame symbol. In the case of an artinian local base ring A with maximal ideal m, the natural transformation takes the following form.
Let f, g ∈ A((t))
× be given, where t is a variable. (Here and below R × denotes the multiplicative group of a ring R with unit.) It is possible in exactly one way to write (1.1) 
The definition makes sense because only finitely many of the terms appearing in the infinite products differ from 1. The symbol ·, · A is clearly antisymmetric and, although it is not immediately obvious from the definition, also bimultiplicative. G. W. Anderson and the author [1] have interpreted the Contou-Carrère symbol f, g A -up to signs-as a commutator of liftings of f and g to a certain central extension of a group containing A((t)) × , and they have exploited the commutator interpretation to prove, in the style of Tate [11] , a reciprocity law for the ContouCarrère symbol on a nonsingular complete curve defined over an algebraically closed field k, A being an artinian local k-algebra.
The author has also obtained a similar result for an algebraic curve over a perfect field [10] , and A. Beilinson, S. Bloch and H. Esnault [3] have defined the ContouCarrère symbol as the commutator pairing in a Heisenberg super extension. Moreover, recently, this symbol has played an important role in the work of M. Kapranov and E. Vasserot [6] , and M. Asakura [2] has shown that the Contou-Carrère symbol coincides with the boundary map δ : K i+1 (A((t))) −→ K i (A) described by K. Kato in [7] .
In this context, the goal of this paper is to offer a new explicit expression of the Contou-Carrère symbol that depends only on a product of a finite number of terms (Proposition 3.4). As an application, we study a Witt Residue and we also obtain an explicit expression for it.
2. Preliminaries 2.1. Contou-Carrère symbol. Using the theory of groupoids, we can construct a central extension of groups
and we have a commutator map
{·, ·}

A[[t]] A((t)) : A((t))
That is, if τ and σ are two elements of A((t)) × and τ, σ ∈ A((t)) × are elements such that π( τ ) = τ and π( σ) = σ, then the commutator map is {τ, σ}
With the notations of the preceding section, the Contou-Carrère symbol [4] is
A((t)) .
For details about the central extension (2.1) and the commutator {·, ·}
A[[t]] A((t))
readers are referred to [1] . For arbitrary elements f, g, h ∈ A((t)) × , the following relations hold:
× with positive winding number n, one has that
× denotes the corresponding norm mapping: viewing A((t)) via the homomorphism h → h • ϕ as a free A((t))-module of rank n ( [9] , Proposition 3.6).
Remark 2.1. With the notation of the previous section, we should note that the original expression of the Contou-Carrère symbol [4] is 
Hence, from these definitions we can construct a polynomial sequence P 1 , P 2 , . . . satisfying the relations
Bearing in mind the fundamental theorem of symmetric functions, P j can be written as
Thus, if A is a commutative ring, we can consider on the multiplicative group
a second operation by means of the formula
Moreover, W(A) being the ring of Witt vectors with coefficients in A, we can define a map
which is an isomorphism of rings because
Since W(A) is a commutative ring and with unit element ( [5] , page 117), we can denote by W + (A) the abelian group induced by the ring structure.
Furthermore, we can define the abelian group 
, with the notation of (1.1).
Remark 2.2. If A is again an artinian local k-algebra with ch(k) = 0, let us now consider again f, g ∈ A((t)) × and let us assume that there exist decompositions
It follows from the above considerations, in particular from equality (2.4), and from the results of [8] 
summed over all partitions λ = (λ 1 , λ 2 , . . . ), with:
is the number of parts of λ equal to i;
• s λ is the Schur function associated with the partition λ.
, equivalent expressions to (2.3) are:
be a family of independent variables. Let us write
thereby defining families of polynomials
. 
For any commutative ring
identifies the additive group underlying W ≤N (B) with the group of units in the ring B[ ]/( N +1 ) congruent to 1 modulo ( ) functorially in commutative rings B with unit.
If F is a field, and A := F [ ]/( N +1 ), we can define a pairing
by the rule f,
where ·, · A((t)) × is the Contou-Carrère symbol.
The pairing Res
W ≤N is essentially the pairing introduced in Witt's paper [12] . Hence, when N = 1 we have a map
for all f ∈ F ((t)) × and g ∈ F ((t)). One has that:
•
New explicit expression of the Contou-Carrère symbol
Given an element f ∈ A((t))
× , it is possible in exactly one way to write Thus, we can consider the morphism of groups
Remark 3.1 (Characterization of the Contou-Carrère symbol). It follows from the properties described in Subsection 2.1 that the commutator map {·, ·}
A[[t]] A((t)) is the only bimultiplicative map
{·, ·}
A[[t]] A((t)) : A((t)) × × A((t))
× −→ A × that
satisfies the conditions: • {·, ·}
A[[t]] A((t)) | A[[t]] × ×A[[t]] ×
= 1.
• {f, g}
Hence, the Contou-Carrère symbol is the only map
that satisfies the properties:
As far as we know a characterization relating the Contou-Carrere symbol with a norm map is not stated explicitly in the literature.
Let us now consider a series s(t) ∈ A[[t]]
× and an element a ∈ m. For each positive integer n, setting
we can construct a matrix C n,a s(t) ∈ Gl(n, A) where the coefficients are
That is, the expression of the matrix is
Note that in (3.1) the series s
for all s(t) ∈ A[[t]]
× and a ∈ m, one has that det C
1,a s(t) = φ(s(t)) = s(a) .
We shall now give an explicit expression of the Contou-Carrere symbol by using the determinants of the matrices C n,a s(t) .
Lemma 3.2. If n > 0, a ∈ m and s(t) ∈ A[[t]]
× , one has that
we have that the matrix of the homothety h s(t) is obtained from the equality
) and from the expressions
Thus, bearing in mind the definition of C n,a
× and
the claim is deduced.
A direct consequence of Lemma 3.2 is the following result that appeared in [2] .
Corollary 3.3. For every s(t) ∈ A[[t]]
× and a ∈ m, one has that
Given two elements f, g ∈ A((t))
× , let us now write 
.
Proof. The expression follows from Lemma 3.2, bearing in mind that
• t −N , t −M A = (−1) N ·M ; • t −N , t j − b −j A = (−1) j·N ; • t i − a −i , t −M A = (−1) i·M ; • t −N , s (t) A = b −M 0 ; • s(t), t −M A = a −N 0 ; • t i − a −i , t j − b −j A = (−1) i·j .
Corollary 3.5. Given two elements f, g ∈ A((t))
× , such that
0 , this formula follows immediately from the explicit expression given in Proposition 3.4.
Finally, as an application of this explicit formula of the Contou-Carrère symbol, we shall study the map Res
Accordingly, if Tr A denotes the trace of a square matrix A, bearing in mind that When X is a complete curve, a direct consequence of the reciprocity law for the Contou-Carrère symbol [1] is the following Residue Theorem: 
